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realization of SU(1,1) Lie algebra
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
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Abstract
Statistical and phase properties and number-phase uncertainty relations
are systematically investigated for photon states associated with the Holstein-
Primako realization of the SU(1,1) Lie algebra. Perelomov's SU(1,1) coher-
ent states and the eigenstates of the SU(1,1) lowering generator (the Barut-
Girardello states) are discussed. A recently developed formalism, based on
the antinormal ordering of exponential phase operators, is used for study-
ing phase properties and number-phase uncertainty relations. This study
shows essential dierences between properties of the Barut-Girardello states
and the SU(1,1) coherent states. The philophase states, dened as states
with simple phase-state representations, relate the quantum description of
the optical phase to the properties of the SU(1,1) Lie group. A modied
Holstein-Primako realization is derived, and eigenstates of the correspond-
ing lowering generator are discussed. These states are shown to contract, in





The quantum mechanical calculations are based on appropriate sets of states in Hilbert
space of a system. The basic system of quantum electrodynamics is the quantized single-
mode electromagnetic eld which is modeled by the quantum harmonic oscillator. The
corresponding basic set of states is the complete orthonormal set of the number states jni
(n = 0; 1; : : : ;1), that can be used for expanding all the eld states. From the other hand,
the overcomplete set of the Glauber coherent states (CS) ji [1,2] has a number of remarkable
properties and has been proved to be extremely useful in quantum optics [1,3]. The Glauber
CS are closely associated with the boson creation and annihilation operators a^
y
and a^, which,
together with the identity operator
^
1, form a realization of the Heisenberg-Weyl nilpotent Lie
algebra [4]. The corresponding Lie group is the dynamical symmetry group of Hamiltonians
for a number of important quantum mechanical problems [5,6]. The Glauber CS ji can
be dened in three ways [1,7]: (a) the eigenstates of the lowering operator a^; (b) minimum-
uncertainty states or, more generally, intelligent states for position and momentum; (c)
states constructed by action of displacement operators, which represent group elements, on
the vacuum state. For the Heisenberg-Weyl group all these denitions are equivalent, but
for other Lie groups they lead to distinct states.
In the present work we concentrate on the SU(1,1) Lie group whose algebra has a number
of realizations related to the quantized light eld. The most known of them are the single-
mode realization in terms of the amplitude-squared boson operators and the two-mode
realization in terms of the boson creation and annihilation operators of the modes [5,6].
These realizations and states associated with them have been studied in connection with
the eld quadrature squeezing [8{10]. We consider here the Holstein-Primako (HP) single-
mode realization of the SU(1,1) Lie algebra [11,12]. The analogous realization had been


























Here k is the Bargmann index labeling unitary irreducible representations of the SU(1,1)
Lie group [see text after Eq. (2.2)]. Aharonov et al. [13] have written the HP SU(1,1)
realization in another form, by using the number operator n^ = a^
y
a^ and the Susskind-








[14,15]. It was shown [13,16{20] that
the HP realization is related to the problem of the quantum description of optical phase.
The generators (1.1) of the HP realization with k =
1
2
have been used in the Jaynes-
Cummings model Hamiltonians with intensity-dependent coupling [21]. The SU(1,1) Lie
group is the dynamical symmetry group of these Hamiltonians. A multiboson version of the
HP realization (1.1) have been constructed by using generalized boson operators [22].
Various states associated with the HP SU(1,1) realization exist in the harmonic oscillator
Hilbert space. These states can be conveniently treated by using general group-theoretical
techniques. One can consider the generalized CS obtained by action of SU(1,1) group el-




(k) (the so-called Barut-Girardello states [24,25]). The present paper is devoted to the
systematic investigation of properties of these states. It is known that the SU(1,1) CS are
closely related to phase states [13,16{20]. We proceed with a subsequent development of
this relation by constructing a class of states characterized by simple phase-state representa-
tions [26]. An especial attention is devoted to the study of phase properties and uncertainty
relations between the number and phase observables. We start in Sec. II with the SU(1,1)
CS. Phase properties and number-phase uncertainty relations are examined using a recently
developed formalism, based on the antinormal ordering of the Susskind-Glogower exponen-
tial phase operators [27,28]. In Sec. III we discuss in detail statistical and phase properties
of the Barut-Girardello states [24,25]. These states have sub-Poissonian photon statistics
and form an overcomplete basis in the harmonic oscillator Hilbert space. This basis was
used to construct a diagonal representation of the density operator, which was shown to
be well-behaved for nonclassical photon states [25]. A class of generalized philophase states
(states with simple phase-state representations [26]) is considered in Sec. IV, and states
with sub-Poissonian statistical properties are found. A modied HP SU(1,1) realization is
obtained by using the antinormal ordering of the exponential phase operators. Eigenstates
of the modied lowering generator can be described as philophase states in one limit and
contract to the Glauber CS in another. In Sec. V we summarize our conclusions.
II. THE SU(1,1) COHERENT STATES
The concept of CS has been generalized by Perelomov [23,5,6] and Gilmore [29,7] for
arbitrary Lie group. Generalized CS are obtained by action of group elements on an extreme
state of the group Hilbert space and thus can be created by using Hamiltonians for which
given Lie group is the dynamical symmetry group. We start our discussion by a brief review
of basic properties of SU(1,1) Lie group. For a given value of k, the operators (1.1) form a


































(k), is the most elementary non-
compact non-Abelian simple Lie group. It has several series of unitary irreducible represen-
tations: discrete, continuous and supplementary [30]. In the present work we discuss only
the case of the discrete series. The Casimir operator
^
Q(k) for any irreducible representation



























(k)] = k(k   1)
^
1: (2.2)
Thus a representation of SU(1,1) is determined by a single number k (the Bargmann index);






; 2; : : :. The correspond-











jk; nihk; nj =
^
1: (2.3)
















n(n+ 2k   1) jk; n  1i:
(2.4)








(k) of the form (1.1) on the number-
state basis jni of the harmonic oscillator Hilbert space, we see that this number-state basis
coincide with the discrete series SU(1,1) orthonormal basis jk; ni for any allowed value of k.
It means that the discrete series SU(1,1) state space is equivalent to the harmonic oscillator
Hilbert space, when using the HP realization. Speaking elsewhere in the following about
SU(1,1) we mean its HP realization dened by (1.1), with the orthonormal basis being
merely the number-state basis.
A. Coherent-state basis and the analytic representation in the unit disk
As an example of the use of the group-theoretical methods, we consider the general
results of Perelomov [23,5,6] for SU(1,1) discrete series CS. A coherent state is specied by
pseudo-Euclidian unit vector  of the form
 = (cosh ; sinh  cos'; sinh  sin'): (2.5)
The CS jk; i are obtained by applying unitary operators
^
D() to the vacuum state,




































, so jj < 1. Expanding the exponential and using
(2.4), one gets the decomposition of the CS over the number-state basis,















The condition jj < 1 means that the `phase space' of the SU(1,1) CS is the interior of the


























The identity resolution is an important property of the CS:
Z
















and for k =
1
2
the limit k !
1
2
must be taken after the integration is carried out in the
general form. Thus the SU(1,1) CS form an overcomplete basis.
One can can represent the harmonic oscillator Hilbert space as the Hilbert space of entire






























and this state can be represented in the coherent-state basis:
jfi =
Z







































B. Phase states and phase-like states
We discuss now the CS jk; i with k =
1
2
. This case is interesting by two reasons. Firstly,
phenomenological Jaynes-Cummings model Hamiltonians with intensity-dependent coupling




the dynamical symmetry group. In principle, the SU(1,1) CS with k =
1
2
can be created by
































































































Therefore we will refer to the states j
1
2
; i as the phase-like states. These states depend on
two real parameters, jj and arg , while for characterization of phase only one real periodic



























is a reference phase. Therefore, for arbitrary normalized state jfi of the form











d(f ; )ji; (2.22)
where

















































Thus the phase-state representation is a limiting case of the SU(1,1) coherent-state represen-
tation when k =
1
2
and jj ! 1, that is, the  representation is redened on the unit circle
instead inside. The function (f ; ) of Eq. (2.23) then can be called the \boundary func-
tion" of the function f(
1
2
; ) analytic in the unit disk [Eq. (2.12)]. The boundary function




























In general, the (f ; ) is given by Fourier series of the form (2.23). However, there are
states for which this Fourier series can be converted into a relatively simple functional form.
We call such states the philophase states, and the phase-like states j
1
2

















C. Statistical and phase properties















The mean photon number hn^i
k;





























The photon-number distribution P
n











becomes the thermal distribution [13,19].
Phase properties of a normalized photon state are obtained by calculating expectation
values of appropriate phase-related operators. We dene phase-related operators as operators


















































where G() is a classical function corresponding to the operator
^
G. It is easy to see that



































d cos jihj: (2.33)
Functions G() must be 2-periodic functions with convergent Fourier series. For a function








+ 2) + 2-periodic expansion on R. (2.34)
Then Hermitian phase operator
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; n 6= 0:
(2.36)
The expectation value of a phase-related operator
^
G over a photon state is
h
^










where ^ is the density operator of the state, and we have used the form (2.32) for
^
G.








, etc. cannot be written in the form (2.30) or
(2.32). In order to calculate the expectation values of these operators we use the antinormal

















. The antinormal ordering
























on either side of an expression are our notation of the antinormal ordering. By






































so, the phase variable is unique. The vacuum state may then be described as a state of
a random phase, similar to all other number states. We have explained [28] that by the



































All the information about phase properties of a state is contained in the phase distribution
function Q(), given by
Q() = hj^ji: (2.43)






























d G()F ()Q(): (2.45)
It has been shown recently [28] that results for phase-related expectation values obtained
by using the antinormal ordering are equivalent to those calculated in the frames of the
Pegg-Barnett formalism [32] with proper limiting procedures [33]. For a pure normalized
state jfi of the form (2.11), the Q() function is given by





























Then the phase distribution function has form





































(f)j; n  0: (2.49)
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are given by Eq. (2.31). Expectation values are calculated for ob-
servables represented by Hermitian operators. For a Hermitian phase-related operator
^
G,































The expectation value of the Hermitian phase operator
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; n 6= 0:
(2.56)











































































































































When using the Susskind-Glogower sine phase operator
^



























Now we apply these general results to SU(1,1) CS jk; i. We get
M
n


















































= arg  (2.64)



























































shows that the quantum limit (small
excitations) is obtained for jj  1 and the classical limit (large excitations) corresponds


























that corresponds to the uniform phase distribution, i.e., Q(
1
2
; ; )  (2)
 1
. In the classical




















tend to zero, that corresponds to a
state with a perfectly dened phase. In this limit the Q(
1
2
; ; ) function is very narrow. By
using the expression (2.62) forM
n
(k; ), we can calculate numerically the phase distribution
function Q(k; ; ), given generally by Eq. (2.48). The larger values of k are, the narrower
the Q(k; ; ) function is, and the better the phase of the state is dened, for given jj.
















, by using Eqs. (2.58) and











= arg . When jj ! 0, the phase variance tends to the random value 
2
=3, and when
jj ! 1, it tends to zero, for all values of k. The larger values of k are, the smaller the phase









jj ! 0, the cosine variance tends to the random value
1
2
, and when jj ! 1, it tends to
zero.
11
D. Number-phase uncertainty relations
The number and phase operators form a Heisenberg pair of canonically conjugate ob-
servables [34]. The number-phase commutation relation is given by [27,26]
[n^;
^









j in this relation takes into account the periodicity of the
phase. Equation (2.68) is a special case of the general commutation relation between any
phase-related operator
^














For the phase operator
^





= 1  2(  
0
); (2.70)
































By evaluating this function, we can investigate the number-phase uncertainty relation (2.71)
for various photon states.
The number variance for the SU(1,1) CS can be calculated from the function P
n
(k; ) of












By using the standard choice (2.53) for 
0




















(k; ) are given by Eq. (2.62). The phase variance can be calculated


















































For jj ! 0, this function tends to the random-phase value 
2
=12, while for jj close to 1, it
blows up. Numerical calculations show that this limiting behavior is universal for all values
of k. We see that, for small values of k, the CS jk; i are far from satisfying an equality in
the number-phase uncertainty relation (2.71). However, for a large k, the function V(k; ) is,
in an intermediate range of jj values, close to its limit
1
4
. The fact that the V(k; ) function
blows up for jj ! 1 is, at rst sight, somewhat strange and contrary to the standard
conception of \the classical limit" where uncertainties can be neglected. Indeed, the phase
of the SU(1,1) CS becomes perfectly dened in the limit jj ! 1. But the situation with
the photon statistics is absolutely dierent. The relative photon-number uncertainty for the










For jj ! 1, we obtain nothing similar to the classical zero uncertainty (unless k ! 1).
For example, for k =
1
2
, the relative photon-number uncertainty tends to unity in the limit
jj ! 1. This follows from the fact that the j
1
2
; i states have thermal photon-number
distribution, though they are pure states.
One can also discuss the uncertainty relations for the number and cosine or sine phase






















































































































































































, while for jj close to 1, it blows
up. The SU(1,1) CS with other values of k behave similarly. When k is small, the CS jk; i
give a strong inequality in both uncertainty relations (2.79a) and (2.79b). However, for a




means that the SU(1,1) CS with large values of k approach to satisfy, for some jj values, an
equality in the number-cosine and number-sine uncertainty relations. The functions V(k; )
and U(k; ) behave very similarly. Therefore, the number-phase uncertainty relations can
be studied using the Hermitian phase operator
^
 as well as using the cosine or sine phase
operators.
III. THE BARUT-GIRARDELLO STATES
In this section we use results of Barut and Girardello (BG), who have constructed [24]








(k)jk; zi = zjk; zi; (3.1)
where z is an arbitrary complex number. The normalized BG states can be decomposed


















is the -order modied Bessel function of the rst kind. The BG states are not



























The BG states have a simple representation in the SU(1,1) coherent-state basis:














In the following discussion we will consider various properties of these states.
14
A. The identity resolution and the analytic representation on the complex plane
In order to prove that the BG states resolve the identity, one must nd the measure
d(k; z) such that
Z
d(k; z)jk; zihk; zj =
^
1: (3.5)
Writing d(k; z) = (k; jzj)d
2







































; Re (a b) >  1; (3.7)
where K

is the -order modied Bessel function of the second kind, we see that Eqs. (3.5)











Thus the BG states form, for each allowed value of k, an overcomplete basis in the harmonic
oscillator Hilbert space.
The harmonic oscillator Hilbert space can be represented as the Hilbert space of entire
functions f(k; z), which are analytic over the whole z plane. For a normalized state jfi of













































(k) act on the Hilbert space of entire functions f(k; z)

























B. Statistical and phase properties and the number-phase uncertainty relations
The photon-number distribution of the BG states jk; zi,
P
n


















































































is achieved for k =
1
2
, while for large values
of k, the g
(2)
k;z



















; jzj  1: (3.17)
It can be veried that the g
(2)
k;z
is always less than unity, so the BG states have sub-Poissonian
photon statistics. Therefore, we call these states (which are, in many aspects, similar to
the Glauber coherent states) the subcoherent states. The detail discussion of statistical
properties of the BG states is given in Ref. [25]. Also, it is shown there that the BG basis
can be used to construct a diagonal representation of the density operator (the so-called
subcoherent P -representation), which is shown to be well-behaved for nonclassical photon
states.
According to the general results of Sec. II C, we investigate here phase properties of the














[m!(m+ n)! (m+ 2k) (m+ n+ 2k)]
1=2
: (3.18)
Then the phase distribution function Q(k; z; ) can be calculated from Eq. (2.48). In the
























































; z; ) =




































We see that the BG subcoherent states j
1
2
; zi are an example of philophase states. In
the next section we will show that the states j
1
2
; zi are a special case of a wide class of
philophase states, all of them have the phase distribution function of the form (3.22). This
phase distribution function is the same as the classical von Mises distribution [36]. In the
quantum limit jzj  1, the Q(
1
2
; z; ) tends to the uniform phase distribution, while in the
























































































































































tend in the limit

































. Thus, for large values of jzj, the phase of the states j
1
2
; zi is well dened. By
using the expression (3.18) forM
n
(k; z), we can calculate numerically the phase distribution
functionQ(k; z; ) for dierent values of k. The larger values of k are, the atter theQ(k; z; )
is, and the worse the phase of the state is dened, for given jzj. This behavior is opposite to
























is independent of '
z
= arg z. When
jzj ! 0, the phase variance tends to the random value 
2
=3, and when jzj is large (jzj  k),
it tends to zero, for all values of k. The larger values of k are, the larger the phase variance is,








. When jzj ! 0,
the cosine variance tends to the random value
1
2
, and for large jzj it tends to zero.
Now we discuss the number-phase uncertainty relations for the BG subcoherent states.
The number variance (n)
2
k;z
























By using the standard choice (2.53) for 
0




















(k; z) are given by Eq. (3.18). The phase variance can be calculated



































































In the quantum limit jzj  1, the function V(
1
2
















In the classical limit jzj  1, the V(
1
2




calculations show that this behaviour is universal for all values of k. The larger values of k










































































. In the quantum limit








































values of k we meet a similar behaviour. The larger values of k are, the slower an equality
is achieved, as jzj increases, in the number-cosine and number-sine uncertainty relations.
Generally, the number-phase uncertainty relations for the BG subcoherent states behave
very dierently from those ones for the SU(1,1) CS. However, we again see that the functions
V and U behave very similarly. Hence, it is not very important what is the phase function
that we choose for investigating number-phase uncertainty relations. This fact is a direct
result of the unique phase denition in the antinormal ordering formalism. We can conclude
by noting that the subcoherent states jk; zi (especially j
1
2
; zi) are, for jzj  k, a good
approximation to the number-phase intelligent states, i.e., they tend to satisfy an equality
in the number-phase uncertainty relation. This property remains valid also regarding to the
number-cosine and number-sine uncertainty relations.
IV. PHILOPHASE STATES
In the preceding sections we have seen that the states j
1
2
; i and j
1
2
; zi are two examples of
philophase states, i.e., states for which the phase-state representation function (), dened




; ; ) of the SU(1,1) CS j
1
2




; z; ) of the BG subcoherent states j
1
2









Eq. (2.18)], and the philophase states j
1
2
; zi (BG subcoherent states) are, by the denition





























(n^ + ); (4.1)
where  is, generally, any complex number. The eigenstates of this operator are obtained
from the following eigenvalue equation:
^
Z()jz; i = zjz; i; (4.2)
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n+  + 1
C
n
(z; ); n  0: (4.4)
The solution of this equation is
C
n









(z; ) remains to be determined from the normalization condition. In the following
discussion we restrict ourselves to the relatively simple but important case of integer .
When  is zero, we obtain the BG subcoherent states j
1
2
; zi, whose properties have been
discussed in detail in the preceding section. It is convenient to distinguish between positive
and negative values of , since properties of the jz; i states are essentially dierent in these
two cases.
A. The case of integer   0




















; n  jj;
0; n < jj:
(4.6)
The index ` ' stands here and in the following for negative values of , though all results
















are not only the eigenstates of the
^
Z() with eigenvalues z, but also the eigenstates of the
operator
^























(z; ); n   1; C
( )
 1
(z; ) = 0: (4.10)
The dierence between recursion relations (4.4) and (4.10) is very essential, since Eq. (4.4)
is meaningful for arbitrary values of , while Eq. (4.10) has a nonzero solution only for a
nonpositive integer .










(z; ; ) = 0: (4.11)
Here, by the usual notation, 
( )


































(z; ; )ji: (4.13)
The normalized solution of Eq. (4.11) is

( )













(z; ; ) function must be 2 periodic. Therefore  must be an integer. Moreover,
from Eq. (4.12) we see that the 
( )
(z; ; ) function written as Fourier series must have
only Fourier coecients with non-negative values of n (this is a general requirement to the
phase representation functions [26]). For the function (4.14) this demand forbids positive
values of . From Eq. (4.14) we see that the states jz; i
 




; zi are a special case corresponding to  = 0. The jz; i
 
states with



















= arg z (4.15)
does not depend on . This function was considered in Sec. III B. There we have discussed
in detail the phase properties of the states jk =
1
2
; zi = jz;  = 0i, and this discussion
remains unchanged with regard to all the states jz; i
 
.
The statistical properties of the philophase states jz; i
 





















; n  jj;
0; n < jj:
(4.16)
21
Another way is associated with the phase-state representation. For a pure state jfi with




















(f ; ): (4.17)















































is independent of , just as the Q
( )
(z; ) function, and therefore the number-phase uncer-
tainty relations for the philophase states jz; i
 




; zi = jz;  = 0i. We have discussed these number-phase uncertainty relations in Sec.

















































( ) is always less than unity, so the photon number distribution P
( )
n
(z; ) of the
philophase states jz; i
 











































, in accordance with Eq. (3.16). When jj  1, expression








This result is interesting since, for  =  1, the intensity correlation function tends to its
minimal allowed value: g
(2)
z; 1
( )  0. This is the maximal accessible antibunching. For










( ) tends to the Poissonian value 1. The intensity correlation function (4.25) is the same
as that for the number states jni with n = jj. It is not surprising, because we see from
22
Eq. (4.7) that the philophase states jz; i
 
tend in the limit jzj ! 0 to the number states











































All the BG states in the classical limit behave according to Eq. (4.29), and this behavior
also holds for the eigenstates of the generalized operator
^
Z().
We nish the discussion of the case   0 by noting that the philophase states jz; i
 
arise from the problem of nding intelligent states for operators which are combinations of
















































































is an equality. Indeed, we can use results of this and preceding sections [Eqs. (3.25), (3.26)



















































































and it is evident now that the states jz; i
 











B. The case of integer   0
As soon as  passes through zero, the properties of the states jz; i sharply change. For
















where we have dened
T
0











The index `+' stands here and in the following for positive values of , though all results
are valid also for  = 0. The states jz; i
+






























In the following we will consider a modied HP realization of the SU(1,1) Lie algebra. After
that we will discuss statistical and phase properties of the jz; i
+
states and their relation
to the Glauber CS.
1. Modied HP realization






































By using formula (3.7), we make sure of this equality. Thus the states jz; i
+
form, for
each integer   0, an overcomplete basis in the harmonic oscillator Hilbert space. This
result leads us to idea that the operator
^
Z(), whose eigenstates the jz; i
+
states are, is the
lowering generator belonging to a realization of the SU(1,1) Lie algebra. This operator is a









Z( = 0), and therefore a modied




































































[The subscripts ` ' and `+' of the SU(1,1) generators are not related to the sign of .] The





































By comparing this result with Eq. (2.2), we see that the modied HP realization (4.43)
corresponds to the case of the discrete series representation with k =
1
2
. The action of the















()jni = (n+ )jn  1i:
(4.46)
It follows from the comparison of these formulas with relations (2.4) that in the present
modication the orthonormal basis jk =
1
2
;mi of the discrete series state space is somewhat




;mi = jni; m = n+ ; (4.47)
where jni (n = 0; 1; : : : ;1) is the number-state basis, so that m = ;  + 1; : : : ;1. Then













In the modied HP realization (4.43) the index m goes from  and not from zero, as it is
customary. Thus we get, for  > 0, a generalization of the usual SU(1,1) discrete series
representation.
By using the identity resolution (4.40), we construct the Hilbert space of entire functions






































The orthonormal basis u
n
(z; ) in the Hilbert space of entire functions can be chosen corre-
























































































(z; ) = 0; (4.54)
must be included as an additional restriction. This fact is related to the use of the antinormal
ordering, that is introduced as an additional restriction in order to restore the unitarity of
the exponential phase operators.
2. Statistical and phase properties


























































where we have dened
T
1



































































(+) is less than unity in the whole z plane. For   2, the g
(2)
z;
(+) is greater than
unity while jzj is less than a specic value depending on . When jzj exceeds this value, the

















































For  = 0, we return to the known value
1
2






; for   2, the
limiting values of the g
(2)
z;
(+) are greater than unity. For very large values of  ( 1), the





























Thus, the jz; i
+
states tend, in this limit, to have Poissonian photon statistics in the same
way as the BG subcoherent states and the jz; i
 
states.
































When  is of order of unity, we can refer to the jz; i
+
states as philophase states. However,
when  increases, more and more additional terms are included in the 
(+)
(z; ; ) function,
so that the jz; i
+
states become unsuitable to be called philophase states. The phase
distribution function is given by
Q
(+)
































































The larger values of  are, the atter the Q
(+)
(z; ; ) function is, and the worse the phase



















tends to the random value 
2
=3.
For jzj  , the phase variance tends to zero. For given jzj, the larger values of  are, the
more uncertain the phase of the state is.





(z; ) function, dened according to the general expression (2.72). When
jzj ! 0, the V
(+)
(z; ) function tends, for any , to the standard random-phase value 
2
=12.
While jzj increases, the V
(+)
(z; ) function at rst grows, reaches a maximum at a specic
value of jzj depending on , and then decreases tending, for jzj  , to the limiting value
1
4
. For  = 0, the maximum is already at jzj = 0. The larger values of  are, the higher
the maximum of the V
(+)
(z; ) function is, and the slower an equality is achieved, as jzj
increases, in the number-phase uncertainty relation.
3. Contraction to the Glauber CS





n^ acting on a photon state with mean
photon number hn^i and photon-number variance (n)
2
. Dening n^  n^   hn^i, we can
write n^ = hn^i + n^. We choose a state for which n hn^i. Then we can approximate the


























We see that in the described case the annihilation operator a^ can be approximated, up to a













Z();  = hn^i; n hn^i: (4.69)
Therefore, the jz; i
+
eigenstates of the operator
^
Z() are, in the considered case, an ap-
proximation of the Glauber CS ji, which are the eigenstates of the a^,
jz; i
+
 ji; n hn^i: (4.70)











. We suppose that in the
considered case the mean photon number hn^i
(+)
z;
of the jz; i
+
states is approximately equal
to the hn^i
















. Then the condition n hn^i is
satised for jj  1. The conclusion is that the jz; i
+
states contract to the Glauber CS
ji for   jzj=2  jj
2
provided that jj  1 (the classical limit).
This result can be veried by calculating statistical properties of the jz; i
+
states with







(+)  : (4.73)
This is conrmed by numerical calculations. By taking jzj = 2 in Eqs. (4.56) and (4.57), we






(+)= quickly tend to unity, as  increases. The
dierence from unity for hn^i
(+)
z;
= is about 5  10
 3




it is about 10
 5




(+) of Eq. (4.59) for jzj = 2. This function quickly tends to the Poissonian
value 1 of the Glauber CS. The dierence of the g
(2)
z;
(+) from unity is about 5  10
 4
, as 
goes to 20, and it is about 10
 4
, as  goes to 50.
V. DISCUSSION AND CONCLUSIONS
The SU(1,1) CS jk; i and the BG subcoherent states jk; zi can be considered as two
possible modications of the familiar Glauber CS for the SU(1,1) Lie group. However, these
two modications lead us to the states with very dierent statistical and phase properties.
The CS jk; i have wholly super-Poissonian statistics, while all the BG states jk; zi are
antibunched. With increase of the Bargmann index k, the photon-number distributions of
the jk; i and jk; zi states move from opposite sides to the Poissonian distribution. Another
dierence between the jk; i and jk; zi states is the behavior of statistical properties with
change of the photon-excitation strength. As mean photon number increases, the relative
photon-number uncertainty n=hn^i tends to zero for the BG states, but it approaches a
nonzero limit depending on k for the CS jk; i. Analogously, for large excitations, the
intensity correlation function g
(2)
tends to unity for the BG states, but it does not depend
on the excitation strength for the SU(1,1) CS.
Phase properties of the jk; i and jk; zi states show opposite behaviors with change of
k. As k increases, the phase distribution Q() becomes narrower for the SU(1,1) CS, and it







of the photon-excitation strength is similar for all discussed types of states. In the quantum
limit (near the vacuum) the phase variance tends to its random value 
2
=3, while in the
classical limit (large excitations) it approaches zero, as must be for a classical wave with
the perfectly dened phase. Phase properties of a photon state can be studied by using the
cosine or sine variances as well as the variance of the Hermitian phase operator
^
. Results
are equivalent for using any phase-related observable, since optical phase is unique in the
antinormal ordering formalism.
An important problem discussed in the present paper is the uncertainty relation between
the number and phase variables. Again, the choice of phase-related observable for studying
29












we obtain the same information. The properties of the
number-phase uncertainty relation are essentially dierent for the jk; i and jk; zi states.
Near the vacuum (jj ! 0 or jzj ! 0) the uncertainty function V tends to the random-
phase value 
2
=12 for all types of states. However, in the limit of large excitations the
behaviors of the SU(1,1) CS and the BG states are absolutely opposite. In this limit the
V(k; ) function of the CS jk; i blows up, according to the specic statistical properties of




. The larger values of k are, the slower the jk; zi states bring an equality to the
number-phase uncertainty relation, as photon-excitation strength increases. In contrast to
that, the CS jk; i provide an approximate equality in the number-phase uncertainty relation
for large values of k, in an intermediate range of excitations. With all that, the BG states
jk; zi have a simple representation in the coherent-state basis jk; i, and vice versa.
The case of the Bargmann index k equal to
1
2
is interesting from two points of view.
Firstly, this case is related to a simple type of intensity-dependent coupling in the Jaynes-
Cummings model Hamiltonians. Secondly, the photon states associated with the HP SU(1,1)
realization have, for k =
1
2
, special phase properties. Phase-state representation function
(), dened generally as Fourier series, can be converted into a relatively simple functional
form for the philophase states j
1
2
; i and j
1
2
; zi. Moreover, the SU(1,1) CS j
1
2
; i also are the




, just like the phase states ji. From the
other hand, the phase properties of the BG states j
1
2
; zi can be generalized by introducing






(n^+ ). For integer   0, we nd the class of
generalized philophase states jz; i
 
. All of them have the same phase distribution function
as the BG states j
1
2
; zi. The philophase states jz; i
 
are antibunched, and in the quantum
limit jzj ! 0 they tend to the number states jn = jji. In the case of integer   0, we nd a
modication of the HP SU(1,1) realization with k =
1
2
. Statistical and phase properties and
the number-phase uncertainty relation of the states jz; i
+
have interesting features. For 
of order of unity, the jz; i
+
states are close to be described as philophase states, while for
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